The flow-induced deformation of a two-dimensional membrane with a circular unstressed shape clamped at the two ends on a plane wall at an arbitrary contact angle is considered. Working under the auspices of generalized shell theory, the membrane is allowed to develop in-plane tensions, transverse tensions, and bending moments determined by the curvature of the resting and deformed shapes. A system of ordinary differential equations governing the membrane shape is formulated, and the associated boundary-value problem is solved by numerical methods. Numerical results are presented to illustrate the deformation of a clamped membrane due to gravity or a negative transmural pressure. The shell formulation is coupled with a boundary-integral formulation for Stokes flow, and an efficient iterative scheme is developed to describe deformed equilibrium shapes of a membrane attached to a plane wall in the presence of an overpassing shear flow. Computations for different contact angles and shear rates reveal a wide variety of profiles and illustrate the distribution of the membrane tension developing due to the flow-induced deformation.
Introduction
Thin sheets of a homogeneous or composite material and sheet-like molecular networks classified as flexible shells are encountered in a variety of natural, biological, and engineering applications. For example, biological membranes consisting of layered molecular networks and artificial membranes produced by surface polymerization enclose vesicles, capsules, and biological cells (e.g., Boal, 2002) . Other natural and artificial membranes serve as barriers between adjacent compartments hosting fluids with different biochemical properties and functional groups. Examples include the membrane of a red blood cell, the membrane of an endothelial tissue cell, and the vestibular membrane separating two scalas in the inner ear. Membrane deformation occurs because of direct mechanical action or under the influence of a distributed load due to a transmural pressure, compression, or stretching induced by an overpassing flow.
In theoretical modeling under the auspices of continuum mechanics, biological membranes are regarded as nearly inextensible elastic shells endowed with a large dilatational modulus, an elastic shear modulus, and flexural stiffness that resists changes in curvature from a resting stressed or unstressed configuration (e.g., Evans and Skalak, 1980) . Flexural stiffness is necessary to prevent the development of corners and cusps from smooth initial shapes. The flow-induced deformation of vesicles and red blood cells has been studied in great detail using elementary and sophisticated models (e.g., Keller and Skalak, 1982; Pozrikidis, 2003; Skotheim and Secomb, 2007; Zhang et al., 2008) . Luo and Pozrikidis (2006 recently discussed the buckling of a flat membrane patch with arbitrary shape clamped on a plane wall representing the exposed surface of an endothelial cell.
In this paper, the equilibrium shape of a two-dimensional shell with arbitrary unstressed shape clamped on a plane wall is considered as a model of the biological membrane of an arrested or embedded cell. Deformation occurs due to a simple shear flow parallel to the wall. Our objective is to describe families of deformed shapes parametrized by the strength of the flow quantified in terms of a dimensionless shear rate. The thrust of our approach lies in the seamless coupling of the ordinary differential equations governing the shell shape in terms of the curvature, and the equations of hydrodynamics describing the flow. Transferring the mechanical load from the fluid to the shell is done efficiently through a boundary-element implementation.
In Section 2, the shell equilibrium equations are discussed and a pertinent boundary-value problem involving a system of six differential equations for the curvature is formulated. To confirm the effectiveness of the numerical method for solving the boundaryvalue problem, profiles of deformed shells clamped on a horizontal or inclined wall are presented in Section 3 for cases where the deformation is due to the shell weight or to a negative transmural pressure. In Section 4, the boundary-integral formulation of the Stokes flow problem is introduced, and its coupling with the equations describing the shell shape is discussed. Numerical solutions are then presented to illustrate the nature of the flow-induced deformation and evaluate the accuracy of a simplified model for shallow shells projecting slightly into the flow.
Shell equations
We consider the deformation of a two-dimensional elastic shell identified by its trace in the xy plane, as illustrated in Fig. 1 . To formulate the governing equations, we work under the auspices of generalized membrane theory and allow for the onset of bending moments (e.g., Libai and Simmonds, 1998) . The derivation of the governing equations in the first part of this section follows the classical formulation for closed or open cylindrical elastic shells (e.g., Pozrikidis, 2002a) .
We begin by considering the shell in the deformed configuration and identify point particles by the arc length, l, measured from an arbitrary origin. Because of the deformation, the shell develops a tangential in-plane tension, s, a transverse shear tension, q, and a bending moment, m, as illustrated in Fig. 1 . The vectorial tension exerted on a cross-section is
ð2:1Þ
where t is the unit tangent vector pointing in the direction of increasing arc length l, and n is the unit normal vector, as shown in Fig. 1 .
A differential force balance over an infinitesimal section of the membrane requires the equilibrium condition
where p is a distributed load due to gravity, mechanical contact, hydrodynamic pressure, or a more general hydrodynamic traction. Expanding the derivatives of the products on the left-hand side and using the Frenet relations dt dl
ð2:3Þ
we obtain the normal and tangential force balances where E B is a bending modulus with dimensions of force multiplied by length, and j R ðlÞ is the curvature of the membrane in a resting configuration where the bending moment is assumed to vanish. The theory of thin plates provides us with the estimate E B ¼ Eh 3 =½12ð1 À m 2 Þ, where E is the volume modulus of elasticity, m the Poisson ratio, and h the plate thickness (e.g., Fung, 1965, p. 461) .
Substituting (2.7) in (2.6) and using the resulting expression to eliminate q from (2.5), we find
which can be rearranged into
9Þ
Integrating once with respect to l, we derive an integro-differential equation
where l 0 is an arbitrary arc length, and d is an integration constant with dimensions of inverse squared length. Note that the derivative of the resting curvature, but not the curvature itself, appears in the equilibrium Eq. (2.10). Using the first equation in (2.4) in conjunction with Eqs. (2.6) and (2.7), we find that the in-plane tension is given by
It is important to emphasize that this expression is not a constitutive equation relating in-plane tension to deformation, but rather expresses an equilibrium condition. An additional constitutive equation can be imposed to determine the total arc length of the membrane, L, and the relative distribution of point particles along the deformed shape with respect to the resting configuration.
In the case of a membrane with a flat or circular resting shape, j R is constant and (2.10) simplifies to
ð2:12Þ
We observe that the resting curvature does not enter this equation and affects the solution only through the boundary conditions.
Nearly flat plate
In the case of a slightly deformed flat plate nearly aligned with the x axis, we describe the deformed membrane shape by the function y ¼ f ðxÞ, approximate the curvature with the linear expression j ' d 2 f =dx 2 , and linearize to derive the von Kármán equation
ð2:13Þ If the membrane is supported by an elastic foundation, p n ¼ f , where is a spring constant. In the case of clamped-end boundary conditions, f ¼ 0 and f 0 ¼ 0 at the two ends. The constant d is a free parameter determined by the assumed tension distribution in the undeformed configuration, corresponding to f ¼ 0, according to (2.11).
In the case of a nearly flat membrane occupying the interval Àa 6 x 6 a, in the presence of a uniform load along the x axis, p t ¼ r, where r is a constant stress, and in the absence of prestress or pre-compression, the tension distribution is antisymmetric with respect to the mid-point, s ¼ rx. Setting p n ¼ rdf =dx and rearranging, we find
ð2:14Þ
Eigensolutions of this equation representing buckling modes were discussed by Luo and Pozrikidis (2008) .
Shell shape in terms of the curvature
To compute the shape of a deformed membrane in terms of the curvature, jðlÞ, we regard the x and y coordinates of material point particles distributed along the membrane as functions of arc length in the deformed configuration, l, writing x ¼ x 1 ðlÞ and y ¼ x 2 ðlÞ. By definition then,
2 ¼ 1, where a prime denotes a derivative with respect to l. Using elementary differential geometry, we derive the relations
ð2:15Þ
Next, we introduce the derivative functions x 3 x 0 and x 4 y 0 , and obtain the following system of four nonlinear differential equations,
ð2:16Þ
The last equation can be replaced by the geometrical constraint x 02 1 þ x 02 2 ¼ 1.
Circular membranes
In the remainder of this paper, we restrict out attention to inextensible membranes with a circular undeformed shape. We will assume that the membranes are firmly attached to a plane wall at both ends, meaning that clamped boundary conditions specifying the location of the two anchor points and the corresponding slopes defined by the contact angle measured from the inside of the membrane, a, are imposed on either side. The assumption of fixed contact point originates from our interest in steady flow. The assumption of fixed contact angle can be fully justified only in the case of interfaces enclosing gas bubbles and liquid drops, and even then only for small hysteresis windows. In the case of shells, the contact angle is determined by a balance of the hydrodynamic and molecular adhesion forces anchoring the membrane to the wall, and the assumption of constant contact angle implements the most convenient physical idealization.
In terms of the total arc length, L, the membrane radius in the undeformed configuration is R ¼ L=ð2aÞ, and the two contact points are separated by the distance
The membrane equilibrium equations are satisfied when
, where h¼ ð2l=L À 1Þa.
Equilibrium shell shapes
Given the distributed load, the deformed membrane shape is governed by a system of six first-order ordinary differential equations for x 1 ; x 2 ; x 3 ; x 4 ; j, and dj=dl comprised of Eqs. (2.16) and (2.12), where the arc length l varies from 0 at the first end-point to a specified length, L, at the second end-point. Putting the origin of the working Cartesian axes midway between the first and second anchor point on the x axis, we obtain four initial conditions, x 1 ð0Þ ¼ Àa; x 2 ð0Þ ¼ 0; x 3 ð0Þ ¼ cos a; x 4 ð0Þ ¼ sin a:
ð3:1Þ
At the second anchor point, we specify three corresponding conditions x 1 ðLÞ ¼ a; x 2 ðLÞ ¼ 0; x 3 ðLÞ ¼ cos a:
ð3:2Þ
In the emerging boundary-value problem, the values of jð0Þ and j 0 ð0Þ, as well as the value of the parameter d must be found as part of the solution.
The boundary-value problem was solved using the internal matlab function bvp4c. An initial guess for the unknown functions involved in the differential equations was supplied by assuming a circular membrane shape. Families of equilibrium profiles were then computed by parameter continuation.
Heavy and collapsed shell
To illustrate the performance of the numerical method, we consider the deformation of a shell pinned on a horizontal or inclined plane and deflecting under the influence of its own weight. The formulation allows for the presence of a transmural pressure, p tm , defined as the difference between the ambient pressure on the side of the shell indicated by the normal vector and the ambient pressure prevailing on the opposite side. The membrane load is given by p ¼ sg À p tm n, where s is the surface density of the shell material with units of mass divided by squared length, and g is the acceleration of gravity. The normal load is p n ¼ sg Á n À p tm , and the tangential load is p t ¼ sg Á t, where t ¼ dx=dl. Eq. (2.12) simplifies to
where n ¼ ðx 4 ; Àx 3 Þ and t ¼ ðx 1 ; x 2 Þ. Nondimensionalizing all lengths by the scaled arc length of the membrane, L L=p, we find that the deformed membrane shape is determined by the dimensionless surface density S sgL 3 =E B , and dimensionless transmural pressure P tm p tm L 3 =E B , where g is the magnitude of the acceleration of gravity. Fig. 2 illustrates families of shell shapes parametrized by S for zero transmural pressure, P tm ¼ 0. Profiles are presented for three contact angles and three plane inclination angles. In the horizontal configuration, the membrane profile is symmetric with respect to the mid-plane; otherwise, the membrane leans downward under the influence of its weight. In agreement with physical intuition, significantly deformed, dimpled and drooping shapes possibly crossing the inclined plane inside or outside the membrane arise at high densities. Crossing is physically admissible as it may occur in the absence of a complete supporting plane. Fig. 3(a) illustrates two families of shell shapes resting on a horizontal plane parametrized by the dimensionless transmural pressure, P tm , for dimensionless surface density S ¼ 1. As the transmural pressure becomes increasingly negative, the membrane exhibits a mild deformation until a threshold is reached where sudden collapse takes place. This critical threshold is a manifestation of a bifurcation point in the solution space for a circular weightless membrane where buckled shapes arise, S ¼ 0.
Shapes of heavy membranes

Shapes of collapsed membranes
A stability analysis for a closed cylindrical membrane, corresponding to the limit where the contact angle tends to p, reveals the critical thresholds P tm ¼ 8ð1 À m 2 Þ, where m is an integer determining the Fourier buckling mode (e.g., Yamaki, 1984; Fung, 1984 p. 177) . The mode m ¼ 1 expresses trivial rigid-body translation. The critical threshold for the first buckling mode corresponding to m ¼ 2 is P tm ¼ À24. These theoretical predictions are consistent with the graphs presented in Fig. 3(b) , showing plots of the maximum curvature occurring at the membrane mid-plane shifted by the curvature in the undeformed configuration, Dj max j max þ 1=R, plotted against the negative of the dimensionless of the transmural pressure. The results demonstrate that, given the membrane arc length, the smaller the contact angle, the lower the critical threshold where bifurcated buckled shapes arise. In the case of a membrane resting on an inclined plane and buckling under a negative transmural pressure, the membrane suddenly leans forward under the influence of its own weight, illustrated in Fig. 3(c) .
Flow-induced deformation
Having outlined the mathematical formulation and established a numerical procedure for computing equilibrium shapes subject to a specified load, we now proceed to discussing the flow-induced deformation. We consider a two-dimensional weightless shell clamped on a horizontal plane wall at two contact points and deforming under the action of an overpassing simple shear flow along the x axis parallel to the wall with velocity u ssf ðxÞ ¼ ½ky; 0, where k is the shear rate of the unperturbed shear flow. Physically, the shell can be regarded as the membrane of a cell that either adheres to the wall or is part of the wall endothelium.
At low Reynolds numbers, inertial effects are negligible and the motion of the fluid around the membrane is governed by the Stokes equation and the continuity equation expressing, respectively, force equilibrium and mass conservation,
where u is the velocity, p is the pressure, and l is the fluid viscosity (e.g., Pozrikidis, 1992) . The boundary-integral representation of Stokes flow provides us with an expression for the disturbance velocity due to the presence of the membrane, u 0 , at an arbitrary point in the flow, x 0 , in terms of an integral along the membrane contour, C, by a plane wall, and T ijk is the corresponding stress tensor. Applying the reciprocal theorem for the simple shear flow over the area occupied by the membrane, we find where the point x 0 lies at the membrane contour, C. Because of an integral identity originating from the incompressibility condition for the flow due to a point force associated with the Green's function, the solution of this integral equation is defined only up to an arbitrary multiple of the normal vector. To remove the indeterminacy, a deflating term is added to the right-hand side of (4.5) requiring that the average value of the normal component of the traction exerted on the membrane is zero, yielding the deflated integral equation Projecting this equation onto the normal vector and integrating around the membrane contour produces the aforementioned constraint on the traction. Given the membrane shape, the integral equation is solved using a standard boundary-element collocation method (e.g., Pozrikidis, 2002b) . The membrane contour is divided into straight elements defined by their end nodes, and the traction is approximated with a constant function over each element. The integral equation is then applied at collocation points located at the element mid-points and the integral is computed over the union of the boundary elements. The logarithmic singularity of the Green's function is subtracted out and integrated analytically over each element. The discretization yields a system of linear equations that is solved by LU decomposition.
Iterative computation of equilibrium shapes
To compute the equilibrium shape of a deformed membrane, we implement an iterative method where an approximation to the membrane load is made, an equilibrium shape is computed, and then an improvement is made according to the following steps:
1. A circular shape consistent with the specified arc length and contact angle at the two contact points is initially specified, and boundary elements are defined around the membrane contour. 2. The integral equation (4.6) is solved to produce the hydrodynamic traction, which is then identified with the membrane load, p. 3. The normal component of the load, p n , is interpolated from the element mid-points (collocation points) to the element endpoints. The integral of the tangential component of the load with respect to arc length is computed at the element endpoints using the mid-point rule. 4. The boundary-value problem governing shell equilibrium is solved as discussed in Section 2. The solution produces a nodal distribution around the shell contour. Adaptively introduced nodes to achieve a specified level or accuracy in solving the boundary-value problem are inclusive of the boundary-element nodes. 5. The membrane shape is approximated by cubic spline interpolation for the x and y coordinates with respect to arc length using appropriate clamped-end conditions, and a new set of evenly spaced boundary elements is defined. 6. The computation is repeated from step 2 onward, until the pointwise change in the maximum curvature of the membrane is less than 2p10 À6 =L.
Most computations were carried out with 64 boundary elements. When the iterative scheme converges, less than ten iterations are necessary. Each computation of an equilibrium shape requires only a few minutes of CPU time on a standard personal computer.
Results and discussion
Nondimensionalizing all lengths by the scaled arc length of the membrane, L L=p, we find that the deformed membrane shape at equilibrium is determined by the contact angle and the dimensionless shear rate of the simple shear flow, G lkL 3 =E B . Physically, G, expresses the importance of viscous hydrodynamic stresses relative to elastic forces developing along the membrane contour due to the deformation.
The first panel in Fig. 4(a) shows a family of deformed equilibrium shapes for contact angle a ¼ 0:95p and dimensionless shear rate G ¼ 1 (nearly circular shape), 2, 4, 8, . . .. The shear flow occurs from left the right. As the shear rate becomes higher, the membrane increasingly deforms and tends to roll over the wall, while the contact points and contact angle remain fixed due to the clamped-end boundary condition. The second and third panels in Fig. 4(a) show the distribution of the normal load, p n , and tangential load, p t , both normalized by the hydrodynamic shear stress lk.
The dashed lines correspond to the smallest dimensionless shear rate with a nearly circular membrane shape, G ¼ 1. The normal load is nearly antisymmetric, whereas the tangential load is nearly symmetric with respect to the membrane mid-plane, x ¼ 0. The tangential load tends to zero at the contact points due to a weak corner flow involving an infinite sequence of eddies (Moffatt, 1964) , and peaks near the mid-plane. Shell deformation has a mild effect on the tangential and normal load distribution. The fourth panel in Fig. 4(a) shows the distribution of the membrane tension normalized by lkL. Consistent with physical intuition, the tension is negative corresponding to compression over a small interval near the upstream contact point due to a reversed corner flow; it becomes positive corresponding to stretching over the first half of the membrane; it switches sign again over the second half of the membrane; and it becomes positive over a small interval near the downstream contact point due to another reversed corner flow. The shallow membranes arising at small contact angles are pertinent to slightly protruding endothelial and other tissue cells.
Inspecting the first panel in each frame, we find that, as the shear rate of the overpassing shear flow increases, the membrane is depressed and tends to flatten on the upstream side, while bulging outward on the downstream side. The normal load distribution illustrated in the second panel of each frame fluctuates inside a narrow range. Positive normal load amounting to high hydrodynamic pressure pushes the membrane downward on the upstream side, and negative normal load amounting to low hydrodynamic pressure lifts the membrane upward on the downstream side. As the contact angle decreases from a ¼ p=4 to p=8, the tangential load distribution illustrated in the third panel tends to the value of unity associated with the shear stress of the undisturbed shear flow almost over the entire length of the membrane. Correspondingly, the membrane tension shown in the fourth panel of each frame tends to become an antisymmetric linear function of x, revealing stretching of the upstream side and compression of the downstream section of the membrane.
Shallow shells
It is of interest to compare the equilibrium shapes of flattened membranes for contact angle a ¼ p=8 depicted in Fig. 6 where the function f ðxÞ describes the membrane contour. Support for this approximation is provided by the analysis of Appendix A with reference to shear flow over a periodic wall with small ampli-tude wavy corrugations. The validity of this approximation was independently confirmed by a boundary-element solution of flow over a plane wall past a smooth projection resembling a bump whose profile is described by the function
for jxj < a, where is a specified amplitude, as shown in Fig. 7 . where PV denotes the principal-value integral. In Fig. 7(b) , the dashed lines represent the boundary-element solution for the normal component of the wall traction p n , and the dotted lines represent the predictions of (4.8). The agreement is fair for large bump heights and excellent for small bump heights.
Comparing the predictions of the simplified model shown Fig. 6(b) with those of the unsimplified equations shown in Fig. 6(a) , we find similar qualitative behavior and only moderate quantitative differences. The critical advantage of the simplified model is that it does not require solving for the perturbation flow, and thus circumvents a great deal of analytical and numerical work.
As a last topic, we consider the buckling of a flat plate under the influence of the simple shear flow governed by the equilibrium equation (4.11) with r ¼ lk and p n ¼ 2lk df = dx, yielding the one-dimensional von Kármán equation
Eigensolutions of this equation with clamped-end boundary conditions were computed using a standard finite-difference method on a uniform grid, similar to that used by Luo and Pozrikidis (2008) . The lowest eigenvalue revealed the critical buckling load G ¼ 17:9.
Summary and discussion
We have discussed the governing equations and implemented a numerical method for computing the equilibrium shape of a clamped two-dimensional elastic membrane subject to a specified load. To demonstrate the effectiveness of the numerical approach, we have computed families of deformed membrane shapes deviating from the circular shape due to gravity or a negative transmural pressure. We have generalized the numerical procedure into a scheme that allows us to compute the flow-induced deformation of a clamped membrane representing the membrane of a cell attached to a plane wall. The algorithm directly transfers the hydrodynamic traction exerted on the shell into a distribution load by means of a boundary-element implementation. Luo and Pozrikidis (2006 ) studied the buckling of a flat membrane patch flush mounted on a plane wall under the action of a simple shear flow based on the linear von Kármán equation. In their formulation, the tangential membrane load was set equal to the uniform shear stress of the simple shear flow, and the normal load was assumed to vanish. Consequently, corrections to the normal load due to the deformation were not taken into consideration, and their results strictly apply for a membrane that is subjected to a constant tangential load as in the case of a vertical plate buckling under the influence of its own weight. In this paper, we have shown that detailed hydrodynamic analysis is not necessary, as the normal load can be readily deduced from the stress field of the incident simple shear flow. The two-dimensional shapes presented in this paper are expected to provide us with good approximations of the mid-plane profiles of three-dimensional shells with spherical resting shapes embedded on a wall. In principle, the methodology for computing the flow-induced deformation of two-dimensional shapes discussed in this paper can be extended to three-dimensional configurations. In practice, the approach requires an efficient method for solving equilibrium equations for the curvature subject to boundary conditions around the contact line, a method for constructing the membrane shape in terms of the mean or directional curvatures, and a suitable parametrization that does not involve singular points. Overcoming these challenges will be the topic of future research. 
